ABSTRACT. Assuming a lower bound on the Ricci curvature of a complete Riemannian manifold, for p < 1/2 we show the existence of bounds on the local L p norm of the Ricci curvature that depend only on the dimension and which improve with volume collapse.
INTRODUCTION
The main result of this paper is the following: Note that the bound does not deteriorate as volume collapses. Petrunin [1] obtains an integral bound for the scalar curvature assuming a lower bound on the sectional curvature which also holds in the collapsed setting, and Cheeger and Naber [2] obtain integral bounds for the full Riemann curvature tensor for p < 2 assuming both upper and lower bounds on the Ricci curvature, but with the assumption that the volume is sufficiently noncollapsed.
The idea of the proof is the following: we show that we can achieve a similar bound to that in theorem 1.1 for the Ricci curvature along a geodesic. i.e. With lemma 1.1 in mind, we define a class of sufficiently long geodesics and show, in some sense to be clarified after the notation is fixed (proposition 1.3 below), that if the volume of B(p 0 , 1) is small, there cannot be too many of these geodesics. Conversely (proposition 1.4) we show (with an added diameter assumption which will not play a significant role in our main goal) that if the volume is not too small then there is a good amount of these geodesics. We use these two relationships to deduce theorem 1.1 assuming lemma 1.1. The proof of lemma 1.1 is saved for after the proof of theorem 1.1.
NOTATION AND PRELIMINARIES
Let (M n , g) be an n-dimensional complete Riemannian manifold and T M its tangent bundle. Let SM be the sub-bundle of unit length vectors. We use the notation u = (p, v) ∈ T M (or SM), where p ∈ M and v ∈ T p M, to identify an arbitrary point in T M. Furthermore, we take for granted the inclusion T p M ⊂ T M, so that we can for example take U ∈ T M, define V := U ∩ T p M and think of V as a set of vectors in the tangent space at p. Ignoring this detail greatly simplifies notation. There is an obvious identification
It is a fact that, with respect to the Liouville measure, the geodesic flow preserves volume over SM. Therefore, for an open set U ⊂ SM and t ∈ R, we can express the integral of a function f : SM → R over the subset φ | t (U) as follows:
where du is the Liouville measure on SM, π : SM → M is the usual projection, d p expresses the volume form in M, and d p u is the Lebesgue measure on S p M, i.e. it locally satisfies
be the segment domain and
This is the collection of unit vectors based at p whose corresponding geodesics, when parameterized by unit speed, are minimizing on the interval [0,t].
To avoid complicating notation, we fix an arbitrary p 0 ∈ M now and define
Where, as mentioned above, we take for granted the inclusion W t,p ⊂ SM. W t can of course be defined for any p 0 ∈ M this way, so when this notation appears below in the proofs, we understand that it has been defined for the appropriate, arbitrarily chosen p 0 occurring there. Observe that
R is a function defined on the unit tangent bundle SM, and does not denote, as R often does, the scalar curvature on M. Let Ric p denote the Ricci tensor at p ∈ M and |Ric|(p) denote its magnitude, i.e.
For u ∈ SM, let β (u) denote the distance to the cut locus in the direction of u, i.e.
For every p ∈ M, let v p ∈ S p M be an eigenvector corresponding to the largest (in absolute value) eigenvalue of Ric p . Keep in mind the relation
Now let µ > 0 be a small constant whose exact value will be determined later. let
which we think of this set as those unit vectors which point "roughly" along the same line
for some constant C 1 depending only on the dimension. Finally, let S µ be the union of S p,µ over all p ∈ M.
With the notation clarified, we now state the relationships between sufficiently long minimizing geodesics and volume mentioned in the introduction. We save their proofs for after the proof of theorem 1. 
for some C 1 (n) depending only on the dimension. 
Now, we can cover B R (p 0 , 6) with K-many balls B R (p i , 1), where K only depends on the dimension and a lower bound on the Ricci curvature, and so assuming we have proven the theorem for the case diam(M, g) ≥ 6, and using the Bishop-Gromov volume comparison, it follows that
where the last line follows because R > 1, n ≥ 2 and ε < 1/2. Now, with the assumption that the diameter of M satisfies diam(M, g) ≥ 6, we assume lemmas 1.1, 2.1, and 2.2 hold. Firstly, for 1 < t < 2 we have
where we have used µ = µ(V ) and δ = δ (V ) as in lemma 2.2 to determine c > 0. Because this holds for all 1 < t < 2, we similarly obtain
We obtain an upper bound for the term on the left as follows. By Fubini's theorem, lemmas 1.1 and 2.1 and the assumption that Ric ≥ −1 on B(p 0 , 5),
It finally follows that
which is theorem 1.1.
PROOFS OF LEMMAS 1.1, 2.1, 2.2
Proof of lemma 1.1. Along a geodesic γ parametrized by arc length, choose E 1 (t), ..., E n−1 (t) to be orthonormal parallel vector fields along γ that are perpendicular to γ ′ . If h is a nonnegative continuously differentiable function, by the second variation formula,
Summing over i = 1, ..., n − 1 gives
Let Ric + (·, ·) := max{Ric(·, ·), 0} and Ric − (·, ·) := −min{Ric(·, ·), 0}. By assumption Ric − ≤ 1. Therefore, we only need to show
to complete the proof. It follows from (7) that 
Where we have chosen µ to satisfy 1
parameterized by unit speed for some l > 0. In exponential coordinates based at p = γ v (0), the volume form can be expressed as
where t represents the radial coordinate and v ∈ SM determines a direction in S n−1 . Restricting to our fixed v, this determines a function f v (t) for 0 < t < l, which we think of as the magnitude of the volume form along γ starting from p. By volume comparison and our curvature assumption, this function cannot be larger than the corresponding function for a manifold of constant curvature equal to -1. It can, however, be much smaller. If we consider instead a new starting point along γ v , say γ v (s) for some s < l, we can let v := γ ′ v (s) and consider the magnitude of the volume form in exponential coordinates along γv based at γv(0) = γ v (s). This defines a new function fv(t) for 0 < t < l − s in the same fashion as above. In this way, we can examine the magnitude of the volume form along any minimizing geodesic starting from any base point along that geodesic. Accordingly, we define F : SM × R + → R so that it satisfies, for a given u = (p, v) ∈ SM and t ∈ (0, β (u))
We will use the following, lemma 9 from [4] , which says that on average, the function determined in this way cannot be too small. 
Where F (u, s) 
Proof of lemma 2.1. The following inequality follows directly from the lemma,
We also have
which is clear from the definition of F and β 1 , and from (9). It then follows that
The second to last line follows since all elements u = (p, u p ) ∈ W 1 correspond to vectors v of magnitude |v| = 1 based at some p ∈ B(p 0 , 3). Therefore, the image under the geodesic flow at time t of such an element is (q, u q ) for some u q with |u q | = 1 based at q for some q ∈ B(p 0 , 4) if t < 1.
The two inequalities give the desired result. (B(p 0 , 2) ) to complete the proof. Furthermore, observe that if we show the result for t = 2, it immediately follows for t < 2. 
